Abstract-In this paper, we consider a dense array of metallic circular patches printed on a electrically thin metal-backed dielectric substrate. Since the sub-wavelength dimensions, the array and the metal-backed substrate can be described in terms of a lumped capacitance and a lumped inductance, respectively. Around the resonant frequency, the structure, known as high-impedance surface, reflects totally an incident electromagnetic wave with zero shift in phase. Due to this property, it is widely employed in antenna systems as compact back reflector with improved performances with respect to typical metal reflector. Starting from the concept of the grid capacitive reactance of a planar array of squared patches and its related formulas, we investigate on the field distribution on the array plane and properly modify the formulas for the case of the circular patches. We present two new analytical formulas which can be effectively used for the fast design of 2D-isotropic circular HISs. In order to validate the models, we compare the resonant frequency of the array obtained through our approaches to the one resulting from full-wave numerical simulations and from other analytical methods available in the open technical literature.
INTRODUCTION
In the past two decades, the development of wireless communication systems has been possible thanks to significant progress in the fields of electronics and applied electromagnetics. Device miniaturization, superior performances with respect to the state-of-the-art solutions, and low production costs represent the main challenges driving current academic and industry efforts. For what concerns the radiating segment of wireless systems, miniaturization and low-cost solutions are commonly achieved exploiting microstrip printed technology.
In order to enhance the performances and reduce the size of the radiating systems, antennas can be properly loaded by artificial materials or surfaces [1] [2] [3] [4] [5] , among which include the socalled metamaterials and metasurfaces, exhibiting functionalizing properties [6] [7] [8] [9] [10] [11] [12] [13] [14] . For instance, in order to reduce the thickness of printed antennas and enhance the performances in terms of efficiency and gain, it is possible to use the concept of High-Impedance Surfaces (HISs) [15] , capable of highly reduced propagation of surface waves trapped within the substrate. An HIS is a metasurface consisting of a planar array of metallic patches printed on a metal-backed dielectric substrate. Provided that the array periodicity is electrically small, as well as the dimension of the individual particle representing the array unit-cell, an HIS can be represented in terms of its homogenized surface impedance [15] . At and around its resonant frequency, an HIS approximately behaves as a perfect magnetic wall, leading to several interesting applications in the antenna field [15] [16] [17] [18] [19] . Shape and dimensions of the individual patch element represent the key parameters for the design of an HIS and the synthesis of its frequency response. Generally, patch elements are arranged in a dense array and exhibit squared [15] , hexagonal [16] , and rectangular [20] shapes.
In this paper, we refer to an HIS made of a grounded dielectric thin slab with a dense array of circular patches printed on top. Such a configuration is particularly appealing due to its 2D isotropic response on the array plane. The sub-wavelength periodicity of the array and thickness of the substrate, the structure can be studied in the quasistatic regime and consequently in terms of a lumped elements: the metallic patch array can be described as a capacitive reactance, the metal-backed substrate as a inductive one. The shape of the patch element affects the value of the capacitive reactance that need to be properly defined for the geometry under study, i.e., circular in this case. It is possible to find two different approaches in the open technical literature: the first considers the dense array as an frequency selective surfaces (FSSs) in long-wavelength regime [21] , and the latter defines the electrically small individual patches in terms of an electric dipoles represented through its electric polarizability [22, 23] . Both define a lumped impedance, that in the case of an array of perfect conducting metallic disks, is capacitive. The sub-wavelength-FSS-based model [21] is derived approximating the Floquet theory under the assumption that the periodicity is few tenths of the operating wavelength. On the contrary the polarizability-based model [23] assumes that the inclusions are so electrically small that they can be described in terms of an electric dipoles, losing the information about the geometry of the inclusion itself.
The aim of this paper, thus, is to propose a new model for the grid impedance of a planar array of circular disks used to evaluate the frequency behavior of an HIS. Starting from a detailed study of the near-field distribution of the electric field around the circular patches, we modify the analytical formulas already developed for the grid impedance of a squared-patch-based HIS [24, 25] in order to accurately describe the behavior of a circular-patch-based one. The new proposed model is validated considering its ability to reproduce the full-wave numerical results obtained through the commercial electromagnetic simulator CST Studio Suite [26] . As further comparison, we report the results of the frequency response estimated by the other models [21, 23] .
The structure of the paper is as follows. In Section 2, we briefly review the model of an HIS and discuss the grid impedance of a circular-patch-based HIS, presenting the related analytical formulas. In Section 3, we show the comparison between the resonant frequencies estimated using the proposed analytical model, the fullwave numerical simulator [26] , the sub-wavelength-FSS-based model and the polarizability-based model. 
ANALYTICAL MODEL
An HIS consisting of a regular array of circular patches is shown in Figure 1 . The surface is infinite in the xy plane and the dielectric material considered is non-magnetic, i.e., its permeability is taken to be the free-space permeability µ 0 . The thickness and the relative electric permittivity of the dielectric slab are h and ε r , respectively. The period of the array is D in both directions. The metallic components are assumed to have a negligible thickness. The radius of the patches is R, and g is the gap between two adjacent patches.
As well known, the frequency behavior of an HIS can be easily studied using the transmission line model shown in Figure 2 .
The metal-backed dielectric slab is equivalent to a transmission line of length h and characteristic impedance
, where Z 0 = 377 Ω is the free-space wave impedance, terminated in a vanishing impedance Z L modeling the metallic ground plane. The shunt impedance Z g represents the averaged impedance of the grid [22] , which is a meaningful parameter when the periodicity D is smaller than the operating wavelength. The total surface impedance of the HIS is given by the input impedance Z s resulting from the parallel connection between the grid impedance Z g and the line impedance Z :
where the input impedance Z s exhibits an anti-resonant behavior and the structure shows high values of the surface impedance at and around the resonant frequency. In order to evaluate the grid impedance Z g , we investigate on the distribution of the electric charges on the array plane when it is illuminated by a plane wave in long-wavelength regime. As shown in Figure 3 , the electric charges are distributed along the curved edges of the metallic circular elements. In the region of minimum distance between the edges of two adjacent vertical patches the electric field amplitude is maximum. The distribution of the electric field along the edge is more similar to the one of a squared patch that, under the same condition of excitation, is quite constant along the whole length. In the following we show that, by using a proper modification, the formulas, used for the squared patch case proposed in [24] , can be effectively used also for the circular case.
In Figure 4 we show the squared-and the circular-patch-based structures with the respective geometrical parameters. They have the same periodicity D and the same gap g. The thickness and the electric permittivity of the dielectric slab are also the same. The diameter 2R of the circular patches is equal to the length L of the edge of the squared patches.
When an uniform plane-wave impinges normally on the surface from the above, the grid impedance Z g of the structure in Figure 4 (b) is given by [22, 24, 25] :
where α is the grid parameter defined as:
where
are the wave impedance and the wave number in the effective medium, respectively, and ε eff is the effective permittivity of the space surrounding the array grid. In fact, according to [27, 28] , it is possible to analyze the electromagnetic behavior of a structure at the interface between two dielectrics, one of which is the air, using an effective permittivity ε eff = (ε r +1)/2 as if the array elements were embedded in an equivalent effective medium. The formula is accurate for periodic structures whose periodicity is smaller than the operating wavelength and presents a slight dependence on the thickness of the substrate since the electric field lines are confined essentially at the air-dielectric interface due to the proximity of the metallic edges (i.e., the metallic ground plane slightly contribute to the definition of the grid impedance of the array).
In order to modify such formulas for the circular patch case, as reported in Figure 5 , we observe that it is possible to identify a finite region between two adjacent patches where the electric field amplitude is maximum. By applying the integral mean value theorem over this region, an averaged value of the gap g can be evaluated and used in Equations (2)- (3), rectifying, de facto, the circular patch in an equivalent squared one with the same periodicity, but with a different value of the gap g. The integration area is shown in Figure 5 . The upper and lower integration limits are given by the edges of the circular patches, while the right and left boundaries can be defined in two alternative ways, considering either the solid or the dotted lines. Solid lines limit the full region following the curvature of ideal electric field lines intersecting orthogonally the metallic edges. Dotted lines, instead, do not consider this curvature, defining a smaller, and less accurate, rectangular region. In the following, we will consider these two cases separately.
Rectangular Region
In order to determine the area of the rectangular region, we consider only one quarter of the structure, as shown in Figure 6 . The origin of the rectangular coordinate system is translated between two adjacent patches. The area is defined using x and y variables as:
where x 0 is the maximum value of x in the region of interest and C 1 (x) is the function of the arc that identifies the upper limit of the region. The expression of C 1 (x) can be found starting from the equation of a circle centered in {x,ȳ} = {0, R + d} as: Figure 6 is given by:
Since x 0 = R/ √ 2, expression (6) can be simplified as follows:
Now it is possible to evaluate the new averaged value of d between two adjacent patches:
One can express x 0 and R in terms of the periodicity D and of the gap g as:
Using Equation (9) in Equations (7)- (8), we obtain:
or, evaluating the numerical coefficients:
Such an expression can be straightforwardly employed in formulas (2)-(3) to estimate the behavior of the circular-patch-based HIS.
Full Region
In the case of the full region (Figure 7) , the integration area is larger because we consider the area A under the arc of the curve C 2 (y), which approximates the electric field lines between two adjacent patches. Being the electric field always orthogonal to metallic surfaces, the arc intersects normally the circumference of the patch. The expression of the curve C 2 (y) has been found in the same way as for curve C 1 (x) as:
Only the area A between C 2 (y) and x 0 is of interest: the integral of the function C 2 (y) (i.e., function C 2 (y) shifted by an amount x 0 ) is evaluated as:
which returns:
Being y 0 = R 2 / √ 2, Equation (14) can be simplified as:
The new averaged value of d between two adjacent patches is:
The two integrals in (16) have been already evaluated in Equations (7) and (15) . Consequently, one obtains the expression:
Finally, expressing all the factors in terms of the periodicity D and the gap g, we obtain: (18) and, thus:
Again, such an expression can be straightforwardly employed in formulas (2)-(3) to estimate the behavior of the circular-patch-based HIS.
NUMERICAL VALIDATION
In this Section, we compare the analytical results obtained applying the new proposed models to the ones obtained using the numerical results obtained through CST Microwave Studio. As further comparison we show the results obtained using the sub-wavelength-FSS-based model and the polarizability-based model.
The aim is to show that the first expression of the gap,ḡ rect , though simple, returns good results, but, generally, the second expression of the gap,ḡ full , allows obtaining more accurate results.
In order to assess the effectiveness of the proposed model, we first consider its ability to predict the resonance frequency of the HIS. To do that, we define the percentage error on the resonance frequency of the HIS as:
where f sim r is the resonance frequency of the structure given by the numerical simulator and f mod r is the one estimated by the model. The couples (D, g), chosen to test the proposed models, have been collected in cases as shown in Table 1 . Rect-region based Full-region based FSS-based [21] Polarizability-based [23] Rect-region based Full-region based FSS-based [21] Polarizability-based [23] Several different structures with different geometrical dimensions and permittivity values have been simulated. The numerical results are compared to the proposed analytical ones, as shown in Table 2 with the header Rect-region based and Full-region based, respectively. In the cases A, B, C, and D the resonance frequency is better predicted by the model that uses the expressionḡ full for all the three combinations of permittivity and thickness of the substrate. On the contrary, when the periodicity D of the array is much larger than the separation g (case E), the use ofḡ full is not recommended any more. In fact, as shown in Figure 5 , the proposed model has been developed considering the region between two adjacent patches under a fixed angle of 90 • . On the contrary, in case E, the electric field is strongly confined in the region of minimum distance between two adjacent patches and, whenḡ full is evaluated, we overestimate the area in which the electromagnetic energy should be confined. For this reason,ḡ rect better predicts the frequency response of the array. However the percentage error is very low for all fifteen configurations, showing the good agreement with the exact full-wave numerical results.
The results of the other analytical models (presented in [21] and [23] ) are also shown in Table 2 . They both overestimate the resonant frequency of the HIS and return an absolute percentage error which is generally higher than the one of the proposed method. It is worth noticing that only in the case B the other two analytical models are fairly accurate. In this case, in fact, the ratio g/D is smaller compared to the other cases and, thus, the metallic inclusions are more diluted, as required by the models based on the FSS theory [21] and on the polarizability [23] .
Three particular configurations have been chosen among the 15 ones reported in Table 2 . For all of them the phase of the reflection coefficient has been evaluated as a function of the frequency and compared to the one obtained through the full-wave code (see Figure 8, 9, 10) . The agreement between the proposed model based on the full integrating region and the numerical simulations is rather good in a broad frequency range.
CONCLUSIONS
In this work, we have presented new accurate analytical formulas for the design of HISs consisting of circular metallic patches excited by a normally impinging plane-wave. The structure can be described using the transmission line theory where a shunt capacitive impedance represents the dense array of circular metallic patches. We have shown that, by inspecting the near-zone electric field distribution around the patches, two sets of new analytical formulas can be derived properly modifying the expression of the grid impedance of a squared-patchbased HIS. They show different degrees of accuracy: the full-region model, which takes into account the curvature of the electric field lines, is generally better, but it gives less accurate results with respect to the rectangular one when the diameter of the patch is much larger than the gap g. However, for several different configurations of HIS, it predicts the frequency behavior of the structure with a low percentage error and a rather good agreement with the full-wave simulation in a broad frequency range, confirming its aspect of general purpose.
The analytical results are compared also with two other models, available in the open technical literature: the sub-wavelength-FSSbased model [21] , that has been derived approximating the Floquet theory under the assumption that the periodicity is few tenths of the operating wavelength, and the polarizability-based model [23] , that assumes the inclusions so electrically small that they can be described in terms of an electric dipoles, losing the information about the geometry of the inclusion itself. Except for one case, the models are not able to describe correctly the frequency behavior of the different HISs.
